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Abstract
The metric dimension of a graph is the least number of vertices in a set
with the property that the list of distances from any vertex to those in the
set uniquely identifies that vertex. Bailey and Meagher [2] obtained an upper
bound on the metric dimension of Grassmann graphs. In this paper we obtain
an upper bound on the metric dimension of bilinear forms graphs.
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1 Introduction
Let Γ be a connected graph. For any two vertices u and v, d(u, v) denotes the
distance between u and v. By an ordered set of vertices, we mean a set W =
{w1, . . . , wk} on which the ordering (w1, . . . , wk) has been imposed. For an ordered
subsetW = {w1, . . . , wk}, we refer to the k-vector D(v|W ) = (d(v,w1), . . . , d(v,wk))
as the metric representation of v with respect to W . A resolving set of a graph Γ is
an ordered subset of vertices W such that D(u|W ) = D(v|W ) if and only if u = v.
The metric dimension of Γ, denoted by µ(Γ), is the smallest size of all the resolving
sets of Γ.
Metric dimension was first introduced in the 1970s, independently by Harary
and Melter [8] and by Slater [11]. It is a parameter that has appeared in various ap-
plications, as diverse as combinatorial optimisation, pharmaceutial chemistry, robot
navigation and sonar. In recent years, a considerable literature has been developed
in graph theory. An interesting case is that of distance-regular graphs. For Johnson
graphs and Hamming graphs, various results on the metric dimension have been
obtained in [3, 6, 7, 9, 10]. Recently, Bailey and Meagher [2] obtained an upper
bound on the metric dimension of Grassmann graphs. In this paper we consider
bilinear forms graphs, and obtain an upper bound of their matric dimension.
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Let Fq be a finite field with q elements. Throughout this paper, F
n+d
q denotes
the (n + d)-dimensional vector space over Fq, and N denotes a fixed n-dimensional
subspace of Fn+dq .
The bilinear forms graph Hq(n, d) has as its vertex set the set of all d-dimensional
subspaces of Fn+dq intersecting trivially with N , and two vertices are adjacent if they
intersect in a subspace of dimension d − 1. The bilinear forms graph Hq(n, d) is
a distance-regular graph with qnd vertices and diameter min(n, d) such that the
distance between two vertices A and B is d − dim(A ∩ B). For more information
about distance-regular graphs, we refer readers to [5].
Note that Hq(n, 1) is a complete graph whose metric dimension is q
n − 1. Also,
Hq(n, d) is isomorphic to Hq(d, n), we only need to consider the case n ≥ d ≥ 2.
In this paper, we obtain the following result:
Theorem 1.1 Let n ≥ d ≥ 2. Then the metric dimension of the bilinear forms
graph Hq(n, d) satisfies
µ(Hq(n, d)) ≤
{
qn+d−1 if n ≥ d+ 2,
qn+d otherwise.
2 Proof of Theorem 1.1
We shall prove Theorem 1.1 by constructing resolving sets. Our construction requires
some notion from finite geometry.
A partition of the vector space V is a set P of subspaces of V such that any
non-zero vector is contained in exactly one element of P. If T = {dimW |W ∈ P},
the partition P is said to be a T -partition of V .
Proposition 2.1 ([4, Lemma 2]) Let s and t be positive integers with s+ t = n+d,
then there exists an {s, t}-partition of Fn+dq .
Proof of Theorem 1.1: We divide the proof in two cases:
Case 1. n ≥ d + 2. The proof of Proposition 2.1 implies that Fn+dq has an
{n− 1, d+ 1}-partition P1 = {N˜ ,W1, . . . ,Wm}, where N˜ ⊂ N, dim N˜ = n− 1 and
dimWi = d+ 1, i = 1, . . . ,m. Note that m = q
n−1.
For each i, let Ni =Wi ∩N . Since dim(Wi +N) = n+ d, dimNi = 1. Suppose
M =
m⋃
i=1
Mi,
where Mi is the collection of d-subspace of Wi intersecting trivially with Ni. For
any U ∈ M, U +N = Fn+dq , so U ∩N = {0}. It follows that M is a subset of the
vertex set of Hq(n, d).
Next we shall proveM is a resolving set of Hq(n, d). We only need to show that,
for any two distinct vertices, there exists a vertex U ∈ M such that
dim(A ∩ U) 6= dim(B ∩ U). (1)
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For each i, let Ai = A ∩Wi, Bi = B ∩Wi. Since A 6= B, there exists an i such that
Ai 6= Bi. Suppose dimAi = s ≤ dimBi = t. Let {β1, . . . , βt} be a basis for Bi and
{θ} be a basis for Ni.
Case 1.1. s < t. Note that {θ, β1, . . . , βt} is linearly independent. Extend this to
a basis {θ, β1, . . . , βt, γ1, . . . , γd−t} for Wi; let U be the d-dimensional space spanned
by {β1, . . . , βt, γ1, . . . , γd−t}. By construction, U is an element of M satisfying
dim(A∩U) = dim(Ai∩U) ≤ dimAi = s < t = dimBi = dim(Bi∩U) = dim(B∩U),
so (1) holds.
Case 1.2. s = t. Since Ai 6= Bi, there exists an α ∈ Ai\Bi. Then each of
{α, β1, . . . , βt}, {α, θ} and {θ, β1, . . . , βt} is linearly independent.
Case 1.2.1. {α, θ, β1, . . . , βt} is linearly dependent. Extend {θ, β1, . . . , βt} to
a basis {θ, β1, . . . , βt, γ1, . . . , γd−t} for Wi and let U be the d-dimensional space
spanned by {β1, . . . , βt, γ1, . . . , γd−t}. Since α 6∈ U , U is an element of M such that
dim(A ∩ U) = dim(Ai ∩ U) < dimAi = dim(B ∩ U),
so (1) holds.
Case 1.2.2. {α, θ, β1, . . . , βt} is linearly independent. Extend this to the basis
{α, θ, β1, . . . , βt, γ1, . . . , γd−t−1} forWi and let U be the d-dimensional space spanned
by {α+ θ, β1, . . . , βt, γ1, . . . , γd−t−1}. Since both {θ, α+ θ, β1, . . . , βt, γ1, . . . , γd−t−1}
and {α,α + θ, β1, . . . , βt, γ1, . . . , γd−t−1} are linearly independent, we have θ 6∈ U
and α 6∈ U . Consequently, there exists a U ∈ M such that
dim(A ∩ U) < dim(B ∩ U),
so (1) holds.
By [5, Lemma 9.3.2], |M| = qn+d−1. Hence, µ(Hq(n, d)) ≤ q
n+d−1.
Case 2. d ≤ n ≤ d+ 1.
By the proof of Proposition 2.1, Fn+dq has an {n, d}-partition P2 = {N,V1, . . . , Vm},
where dimVi = d, i = 1, . . . ,m. Note that m = q
n.
Let N¯ be a fixed 1-dimensional subspace of N . For each i, let Wi = N¯ + Vi.
Suppose
M =
m⋃
i=1
Mi,
where Mi is the collection of d-subspace of Wi intersecting trivially with N¯ . For
any U ∈ M, U +N = Fn+dq , so U ∩N = {0}. It follows that M is a subset of the
vertex set of Hq(n, d).
Similar to Case 1, M is a resolving set of Hq(n, d) with |M| = q
n+d. Hence,
µ(Hq(n, d)) ≤ q
n+d.
By above discussion, we complete the proof. ✷
Babai [1] obtained bounds on a parameter of primitive distance-regular graphs
which is equivalent to the metric dimension. A natural question is to compare our
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result with those. For the case of the bilinear forms graph Hq(n, d), Babai’s most
general bound (see [1, Theorem 2.1]) yields
µ(Hq(n, d)) < 4
√
qnd log(qnd),
while his stronger bound (see [1, Theorem 2.4]) yields
µ(Hq(n, d)) < 2d ·
qnd
qnd −M
· log(qnd),
where
M = max
0≤i≤d
[
n
i
]
q
[
d
i
]
q
(qi − 1)(qi − q) · · · (qi − qi−1).
For n, d ≥ 4, our bound is better than Babai’s most general bound. For the
left case, there is some q such that our bound is better. Babai’s stronger bound
is difficult to evaluate exactly, so we conduct some experiments using MATLAB to
compare this bound with our bound. We find our bound is better in most cases for
q = 2.
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